In this paper we consider the semigroups of local homeomorphisms. 
Introduction
Many researchers have focused their efforts on the characterization of topological spaces by semigroups of continuous, open, closed, quasi-open mappings defined on these spaces [2] , [3] , [4] , [5] , [6] . In this paper we investigate semigroups of local homeomorphisms. A map f : X → Y is local homeomorphism if for every point x ∈ X, there exists an open set U ⊂ X containing x, such that f (U) is open in Y and f |U : U → f (U) is a homeomorphism. Every local homeomorphism is a continuous and open map. If f and g are both local homeomorphisms, then the function composition is also local homeomorphism. Let LH (X) denote the semigroup of local homeomorphisms from a topological space X into itself with composition of functions as the semigroup operation. If X and Y are homeomorphic then the semigroups LH (X) and LH (Y ) are isomorphic. If LH (X) and LH (Y ) are isomorphic, must X and Y be homeomorphic. In general, the answer is no. Let X denote any set with more than two elements and ξ ∈ X. Consider the topological spaces Y = (X, τ 1 ) and Z = (X, τ 2 ) where τ 1 = {∅, {ξ} , X} and τ 2 = {∅, X \ {ξ} , X}. Evidently LH (Y ) and LH (Z) are isomorphic but Y and Z are not homeomorphic.
The purpose of this paper is to give an abstract characterization of semigroups of local homeomorphisms defined on an open set of Euclidean n-space.
A Characterization of Semigroups of Local Homeomorphisms
We denote by R n the n-dimensional Euclidean space with the standard topology. Let X be an open subset of R n and let LH 0 (X) denote the set of all local homeomorphisms f of X for which f (X) ⊂ K f for some compact subset of X. The set LH 0 (X) is an ideal of LH (X). Throughout this paper, ϕ denotes an isomorphism between semigroups LH (X) and LH (Y ). Without loss of generality we can assume that X and Y are bounded open sets.
Proof. Let κ (ϕf ) = τ (ϕf ) for some κ , τ ∈ LH (Y ). Since ϕ is an isomorphism, there exist κ, τ ∈ LH(X) such that κ´= ϕκ and τ´= ϕτ . Then (ϕκ)(ϕf ) = (ϕτ )(ϕf ) and ϕ(κf ) = ϕ(τf ). Again, because ϕ is an isomorphism we get κf = τf . From g (X) ⊆ f (X) it follows that for any point
which shows that κg = τg. But since ϕ is an isomorphism we have
Now suppose that the condition ϕg (Y ) ⊆ ϕf (Y ) does not hold, i.e. the set ϕg (Y ) \ ϕf (Y ) is not empty. Let y = (ϕg)y be an arbitrary point of
is a homeomorphism of Y . Now let κ be a local homeomorphism of Y . Then the map τ = κ γ is also a local homeomorphism and for every y ∈ Y we have
This contradiction proves the first assertion.
For the second assertion notice that ϕf (Y ) is a closed and bounded set but ϕg (Y ) is an open set.
Lemma 3 Let f, g be arbitrary elements of LH
, let E 1 be a closed n-ball containing X and let τ denote the homeomorphism from E 1 onto E. Now let τ denote the restriction of this homeomorphism to X. Clearly, τ ∈ LH 0 (X) and we have τ (
Let x ∈ X and f k ∈ LH(X) for k = 1, 2, .... We say that the sequence {f k } ∞ k=1 of mappings converges to x if the following three conditions are satisfied
For any x ∈ X there exists a sequence {f k } ∞ k=1 converging to x. 
Lemma 4 Let
For sake of contradiction, suppose that there exists a point y such that y ∈ ∩ 
for all naturals i, j and ∩
∈ h j X for some natural j. Then x / ∈ h j+1 X and hence there exists a natural number i such that
From (2) it follows that y ∈ (ϕf i )(Y ) ∩ h j+1 (Y ) and by Lemma 3 we get f i (X) ∩ h j+1 (X) = ∅ which contradicts (3). Thus for any natural number j the point x belongs to h j (X). Since the sequence 
Lemma 5 Let f be an element of LH
0 (X) such that ϕf ∈ LH 0 (Y ). If x ∈ f (X) then θ(x) ∈ ϕf (Y ) .
